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CLASSIFICATION OF KNOTTED TORI 


A. Skopenkov Q 

Abstract. For a smooth manifold N denote by E'^{N) the set of smooth isotopy classes 
of smooth embeddings N —)■ M™. A description of the set E^{S^ x S'^) was known only for 
p = q = 0 or for p = 0, m^q + 2oT for 2m > 2{p + q) + max{p, g} + 4 (in terms of homotopy 
groups of spheres and Stiefel manifolds). For m > 2p + g + 3 an abelian group structure on 
E'^{S^ X S^) is introduced. This group is described up to an extension problem: this group and 

are associated to the same group for some filtrations of length four. Here Xjj : E ^ 

is the linking coefficient defined on the subset E C E'^{S’^ U formed by isotopy classes of 

embeddings whose restriction to each component is unknotted. 

This result and its proof have corollaries which, under stronger dimension restrictions, more 
explicitly describe x S^) in terms of homotopy groups of spheres and Stiefel manifolds. 

The proof is based on relations between different sets E"^{N), in particular, on a recent exact 
sequence of M. Skopenkov. 
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1 Introduction and main results 


1.1 Statements of main theoretical results 

We consider smooth manifolds, embeddings and isotopiesj^ For a manifold N let E^{N) be the 
set of isotopy classes of embeddings N —)■ Abelian group structures on E^{Dp x S''^) for 
m > g + 3 and on E^{S^ x S"^) for m > 2p + q + 3 are defined analogously to Haefligerj^ The 
main result describes E'^{S^ x S''^) up to an extension problem. For some motivations see j ]1.4 

Definitions of [■], the ‘embedded connected sum’ or ‘local knotting’ action 

# : E^{N) X E^{S^) E^{N), 


and of E^{N). By [■] we denoted the isotopy class of an embedding or the homotopy class of 
a map. 

Assume that m > n+2 and A^ is a closed connected oriented n-manifold. Represent elements 
of E'^{N) and of E'^{S'^) by embeddings f : N ^ and g : S"' ^ S'™ whose images are 
contained in disjoint balls. Join the images of /, g by an arc whose interior misses the images. 
Let [/]#[(?] be the isotopy class of the embedded connected sum of / and g along this arc, for 
details see j pTS cf. |Ha66l Theorem 1.7], |Ha66’t Theorem 2.4], |Avl61 §1]. 

For N = U S"" this construction is made for an arc joining f{S^) to 5'(S'"’). 

For m > n + 2 the operation ^ is well-defined. Clearly, ^ is an action. 

Let E^{N) be the quotient set of E"^{N) by this action and : E^{N) —>■ E^{N) the 
quotient map. A group structure on E^^S^ x S"^) is well-defined by q^f + q^f := g^(/ 

/, /' G E^{SP X A'?), because (/#g) + /' = /-t- (/'#g) = [f + f)^g by definition of ‘+’ in pT 


The following result reduces description of E"^{S^ x S''^) to description of and of 

E^{SP X cf. [HEn], [cmi end of §1]. 


Lemma 1.1 (Smoothing Lemma, see proof in (3.3). Form > 2p+q + 3 we have E'^^S^x S''^) = 

E^{SP X S^) © E^{SP+<i) . 


The isomorphism is g# ©u, where a is ‘surgery of x defined in ( ]3.3 It has the property 
(g# © a){fi^g) = q#{f) © (a(/) + g) for each / e E^{Sp x S'^), g G E^{Sp+p). 

For m> n + 3 denote by 

• A = A™„ : E'^{S^ U S'"-) —)■ 7rg(S'™“"'“^) the linking coefficient that is the homotopy class 
of the first component in the complement to the second component; 

• E^^S^US'^) C E'^^S^US'^) the subset formed by the isotopy classes of embeddings whose 
restriction to each component is unknotted. 

• := ker A n E'^^S^ U S^). 

^In this paper ‘smooth’ means ‘C^-smooth’. Recall that a smooth embedding is ‘orthogonal to the boundary’. 
For each C°°-manifold N the forgetful map from the set of C°°-isotopy classes of C'°°-embeddings N —)■ M"* to 
E'^{N) is a 1-1 correspondence. For a (possibly folklore) proof of this result see [Zhl6] . 

^For m > n -I- 2 classifications of embeddings of n-manifolds into and into M"* are the same |MAH1 1.1]. 
It is technically more convenient to consider embeddings into S'”’' instead of M"*. 

^The sum operation on x S"^) is ‘connected sum of g-spheres together with normal p-framings’ or 

‘H^’-parametric connected sum’. The sum operation on E"^{S^ x S'^) is ‘S^-parametric connected sum’, cf. 
[Sk071 ISkTOl IMAP] . [Ski Theorem 8]. See Group Structure Lemma 2.2 Remark 2.3 on comparison to previous 
work and Remark |2. 4 on the dimension restrictions. _ 

b below, because the 


^This is proved analogously to the case X = of the Standardization Lemma 


2.1 


construction of # has an analogue for isotopy, cf. (3.2 

®See accurate definition in |MAL| . [SkOS’l §3]. This phrase makes sense even for g = n because if™(5^ U S'") 
is the set of isotopy classes of links with numbered components. Note that there is another linking coefficient 
A_ : E^{S‘^ U S") —>■ 7r„(S’"“'^“^) which is not used here, except in (2.5 
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Theorem 1.2 (see proof in {2.2). For m > 2p + q + 3 the group E^{S^ x S'^) has a subgroup 
isomorphic to such that the quotient by this subgroup and x 5'^) have isomorphic 

subgroups with isomorphic quotients. 


Theorem 1.2 and its proof have corollaries (^1.2) which, under stronger dimension restric¬ 


tions, describe E"^{S^ x 5'^) more explicitly, in terms of homotopy groups of spheres and Stiefel 
manifolds. The subgroups of Theorem 1.2 have natural descriptions (Remark |2.9[ ). 

The main predecessor of Theorem 1.2 is essentially known result Corollary |1.8[a. Theorem 


1.2 and the Smoothing Lemma 1.1 are new results only for 


(*) 1 < p < g and 2m < 3q + 2p + 3, 


by Remark l.ll[a. Analogous remark holds for results of 11^ There were known weaker 


versions of the Smoothing Lemma 1.1 |Skn6( Smoothing Theorem 8.1], |CR,S12( Proposition 
5.6], and rational versions of Theorem |1.2| |CRS121 ISkl5] . 

In the proofs of the Smoothing Lemma O and Theorem |1.2| the dimension restrictions (*) 
are not required. So I give new proofs of known cases 2m > 3q + 2p + 4 (in the stronger form 


of Conjecture 1.3 and Corollary 1.8 a). These new proofs are only interesting for 1 < p < g, by 
Remark II. 11 l a. 


Conjecture 1.3. For m > 2p + q + 3 


E^{SP X ^9) ^ X S'^) 




Remark 1.4. (a) Conjecture 
the Smoothing Lemma 1.1[ 


1.3 


is equivalent to E'^{S^ x S^) = x S^) 




by 


(b) Conjecture 1.3 is known to be true for p = 0 or p > g or 2m > 3q + 2p + 4, see Remark 


1.3 


|1.11 a. Conjecture is true for {m,p,q) 

7r6(V'5,2) = ^2 and ttiq( 1 / 7 , 2 ) = 0 |Pa56j . 

(c) A candidate for an isomorphism from right to left in Conjecture 
where r is the restriction map, a is defined in §2.2| and is defined ih~l^ 
can prove that this sum is an isomorphism only for 2m = 3q + 3 (Theorem 
Conjecture 1.3 is true (Remark 1.11 a 
[r 


G {(11,1, 6), (17,1,10)} by Theorem |1.7[ a because 

is ©i#. 

If p = 0, then I 


Analogously, proof of Theorem 1.2 does not show that 


1.6 


2.13 a), although 


^l-R'77+q ® i^] ® Q is an isomorphism, in spite of Corollary 
(d) Description of known results for m < 2p + g + 2 and p, g > 1. If p > g, then 2p + g + 2 > 
2g + p + 2, so after exchange of p, g the inequality m < 2p + g + 2 remains fulhlled. So it 
suffices to present description for p < q. Then E'^{S^ x S^) is known only for {m,p,q) = 
{Qk, 2k — 1, 2k) |Skn8( Theorem 2.14] orm=p + g + l,p>2 jLNSj : Efj:[S^ x R'^) is known only 
p + 2 |Skn81 Theorem 3.9]. Sometimes there are no group structures compatible 


for m > y 


with natural constructions and invariants, see Remark 2.4, For (m,p, g) = (7,1,3) see |CSj . 


The sign o of the composition is often omitted. 

Plan of the paper should be clear from the contents of the paper and the following diagram. 
Subsections are independent on each and other (except maybe for a few references which could 
be ignored) unless joined by a sequence of arrows. 
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1.2 Corollaries 

Corollary 1.5. For m > 2p + q + 3 we have 


\E^{SP X 5^)1 = X ■ |ir, 


m I 


|^m(^p+g)| 


(more precisely, whenever one part is finite, the other is finite and they are equal). 

Denote by Vs^t the Stiefel manifold of f-frames in Identify 'KqiVs^i) with 'Kq{S^~^). The 
group TTq{ym -q,p+ i) is Calculated for many cases, see e.g. |Pa56j . |CFSl Lemma 1.12], 

Theorem 1.2 and the isomorphism x ®Q = [7rq(14n-q,p+i) ©F'"*(5'^)] ® Q |CFSl 


Lemma 2.15] imply the following rational analogue of Conjecture 1.3 
Corollary 1.6. For m > 2p + q + 3 


E^{S^ X ® Q = [7lq{V,n-g,p+l) © (S^^) © © Q. 


The right-hand side groups of Corollary |1.6| are known by Theorem 1.9 below and |CFSl 
Theorems 1.1, 1.9 and Lemma 1.12]. Thus Corollary 1 1.6 allows calculation of rk£^”*(S'^ x S''^). 
This is known |Skl5[ Corollary 1.7], so Corollary |1.6| is not a new result. However, our deduction 
of Corollary ]_T is interesting because it uses Theorem instead of information on the groups 
involved in |Skl5[ §4, proof of Corollary 1.7]; in this sense our deduction explains why the 
isomorphism holds. 


Theorem 1.7 (see proof in {2.2). (a) If 1 < p < I and p is not divisible by f, then 
E^~^{S'P X 5'4^-p-i j ^ Z(BGi^p for a certain finite group Gi^p such that Gi^p and 7r4;_p_i(V2z+i,p+i) 
have isomorphic subgroups with isomorphic quotients. 

(b) If E'^{DP'^^ X S'^) is finite, is free and m > 2p + q F 3, then x = 

^q)p+q © for a certain group G’ff^ 
subgroups with isomorphic quotients. 


for a certain group G'ffg such that and x S'^) have isomorphic 


Definition of Z(s) and the maps pr^, 

^ = rfi)q : vr,(ld„_,,p+i) ^ E^{DP+^ x S'^). 

Denote by Z( 5 ) the group Z for s even and Z 2 for s odd. 

Denote by pr^ the projection of a Cartesian product onto the k-th factor. 

Represent an element of 7rg(14n-g,p+i) by a smooth map x : —)■ 14n-q,p+i- By the ex¬ 
ponential law this map can be considered as a map x : x —)■ The latter map 

can be normalized to give a map x : x 5”^ —)■ Let r[x] be the isotopy class of the 

composition x ^^■2 jjm-q gg where i is the standard embedding (see accurate 


dehnition in j2.1). |MAK] . [SkOSl § 6 ]. Clearly, r is well-dehned and is a homomorphism. 


Corollary 1.8. Assume that m >2p + q + 3. 

(a) If 2m > 2p + 3q + A, then q#Tr : 7rq(Vjn-q,p+i) Eff^S^ x S'^) is an isomorphism. 

(b) If 2m > p + 3q + A, then Eff^S^ x S^) and 7iq{Vm-q,p+i) have isomorphic subgroups with 
isomorphic quotients. 


^The case 2m = 2p -|- Sg -I- 3 is considered in |Sk06| . Statements |Sk06[ Main Theorem 1.4.AD,PL] in the 
first two arxiv versions is false; |Sk06l Main Theorem 1.3] and |Sk08’[ Theorem 3.11] are correct. The mistakes 
are corrected in the present paper except in the case ira,p, q) = (7,1, 3) for which see |CS) . The mistakes were 
in the relation Tp{wi^p) = 2ujp of |Sk06l the Relation Theorem 2.7, the Almost Smoothing Theorem 2.3]. 

1 conjecture that the groups of (b) are in fact isomorphic. This is a particular case of Conjecture 1.3 This case 
could hopefully be proved using ideas of |Sk06) . 
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(c) If 2m > 3g + 4, then Eff^S^xS'^) has a subgroup isomorphic to 'Kpj^2q+2-m{yM+m-q-i,M) ^ 
whose quotient and rqiVm-q^p+i) have isomorphic subgroups with isomorphic quotients. 

(d) If 2m = 3g + 3, then Eff{S^x S''^) has a subgroup isomorphic to 'Kp^ 2 q+ 2 -m,iyM+m-q-i,M), 
whose quotient has a subgroup isomorphic to X(rn-q-i), whose quotient and rqiVm-q^p+i) have 
isomorphic subgroups with isomorphic quotients. 


Deduction of Corollary 1.8. a from known results. (See a new direct proof of Corollary 1.8 


in ^2.3 ) Consider the following diagram 


a 



7rq{Vm-q,p+l)^E^{DP+^ X S<i)^E^{SP X S^) 


^Eff{SP X S^) 


Here a is a map such that arr = id and a{fffg) = «(/) for each / G E^{S^ x S"^) and 
g G such a map exists by |Skn21 Torus Lemma 6.1] (a := p~^a~^ in the 

notation of that lemma). Hence rr is injective and q^rr is injective. 

Take any / G E^{Sp x S'^). Let /' := rra(/). Then a(/') = «(/)• Then by |Sk021 
Corollary 1.6.i] and since the smoothing obstruction assuming values in E'^{S^^^) is changed 
by G E'^{S^^^) if / is changed to /#(?, we obtain q^f = q^f = q#rTa{f). Since q^ is 
surjective, we see that q#rT is surjective. □ 


Corollaries 1^ b,c,d are proved at the end of §1.3[ 

Theorem 1.7 a improves a particular case of Corollary 1.8 c for 2m = 3q + p + 3. 


1.3 Calculations 


The group E"^{S"') is calculated for some cases when m > n + 3 |Ha66] IMi72] . In particular, 
(S) E^{S^) = 0 for 2m>3n + 4. 

(S’) E^{S^) = for 2m = 3n + 3. 


Theorem 1.9. For m — 3>q,nwe have E^f^S'^ U S'”') = 7Tq{S‘^ ” ^) 
2.4 and the text before Corollary 10.3] 


^Kq,^. \Ha66\ Theorem 


The group (or, equivalently, ) is calculated in terms of homotopy groups 

of spheres and Whitehead products |Ha66’l ISkOQ] , |CFS( Theorem 1.9]. In particular, 

(L) = 0 for 2m > 3g+p + 4 |Sk081 Theorems 3.1 and 3.6.a]; this also follows by (L’). 

(L’) = 7rp+2q+2-m{VM+m-q-i,M) ^ ^ + 2 and M large |Sk08l Theorem 3.6] 

(the isomorphism from the left to the right is dehned in |Ha66] ). 

The group x S^) can be calculated using Theorem 1.10 below. E.g. by Theorem 

1.10, (S), (S’) and since for 2m > 3q + 2 the normal bundle of any embedding S”^ —)■ M™' is 


trivial |Ke59] . we have the following. 


(D) r : 7iq{Vm-q,p+i) X S'?) (dehned in {1.2) is an isomorphism for 2m > 3g + 4. 

(D’) E^{DP^^ X S'?) has a subgroup Z(m-g-i) whose quotient is 7iq{Vm-q,p+i) for 2m = 3g + 3. 


Theorem 1.10. For m > q + 3 the following sequence is exact: 


-^ E™+^(S^+^) 4 Trg{Vm-q,p+i) A E^{DP+^ X S«) 4 E’”(S'?) ^ ... 

Here p is the restriction map and ^ is defined below. ICFS[ Theorem 2.14], ]Skl 4 Theorem 
2.5], cf. \Ha66\. Corollary 5.9]. 
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Definition of a p-framing. A p-framing in a vector bundle is a system of p ordered 
orthogonal normal unit vector fields on the zero section of the bundle. 

Definition of the map ^ from Theorem 1.10| , Informally, ^ is the obstruction to the 
existence of a normal {p + l)-framing of an embedding. A formal definition is as follows |Skl51 
Sketch of proof of Theorem 2.5 in p.7]. Take an embedding / : —?• Take a normal 

(m — q')-framing of the image of the lower hemisphere and a normal {p + l)-framing of 

the image of the upper hemisphere. These framings are unique up to homotopy. Thus 

the hemispheres of are equipped with a (p + l)-framing and an [m — g)-framing. Using 

the (m — g)-framing identify each fiber of the normal bundle to with the space 

Define a map S'^ —)■ 14n-g,p+i by mapping point x & to the (p + l)-framing at the point f{x). 
Let ^[/] be the homotopy class of this map. 

Remark 1.11. (a) Assume that 2m > 3p + Sg + 4. Then the Smoothing Lemma O holds by 
(S). Theorem 1.2 and Conjecture 1.3 are true by (S), (D), (L) and the case 2m > 3p + 3^ + 4 


of Corollary 1.8 a |Skn8[ Theorem 3.9]. 


For p > q and m > 2p + g + 3 we have 2m > 3p + 3g + 4. Hence the Smoothing Lemma 
[H Theorem |1.2| and Conjecture |1.3| are true. 

For 2m > 3g + 2p + 4 the Smoothing Lemma O is |Sk061 Theorem 1.2.DIFF] (an alter¬ 
native proof follows from |CRS12i Proposition 5.6] analogously to |Sk08’l §4, proof of Higher¬ 
dimensional Classification Theorem (a)]). For 2m > 3g -|- 2p -|- 4 Theorem |1.2| and Conjecture 


1.3 follow from Corollary 1.8 a and (D) (which are easy corollaries of known results). 
Assume that p = 0. 


Ha66’t Theorem 2.4] the Smoothing Lemma 0 holds. By jHa661 


1.9 


By 

Theorem 2.4] and Theorem 
id7rg(S'™'“'^“^), by Theorem 1.10 x S'^) = 

and Conjecture 


E^{S^ X S'!) ^ © ^"^(5") 


T^m 


Since 


E^{S^). Hence Theorem 


1.2 


1.3 are true. 


(b) The smallest m for which there are p, q such that 1 < p < g and 2p + g + 3<m< 
(3g + 2p + 3)/2 are m = 10,11,12. Then p = 1 and g = m —5. Hence by the Smoothing Lemma 
im Theorems |1.2| [l^ a. Corollaries |1.8[ b,c,d and |Pa561 IHa66j 

• \E^%S^ xS^)\ = \E]°{S^ xS^)\= 4. Cf. jSkT5l Example 1.4]. 

• xS^)=Z 2 ®Z and E^^{S^ xS^)^Z 2 ®Z® E^\S'^), of which E^\S'^) is rank 
one infinite. 

• ^z2©G, where |G| is a divisor of 8, and E^^{S^ x S'^) ^ ® G ® , 

of which E^‘^{S^) is finite. 


Proof of Corollaries 1.8.b,c,d. These results follow from Theorem 1.2 and (D,L), (D,L’), 


(D’,L’), respectively. Here (L’) is applicable because max{2p + g + 3, -|- 2 (indeed, 

the opposite inequalities imply 4p + 3 < g < 4p + 3). □ 


1.4 Some general motivations 

This paper is on the classical Knotting Problem: for an n-manifold N and a number m, describe 
isotopy classes of embeddings N —)■ M™. For recent surveys see |Sk08’l[MAHj : whenever possible 
I refer to these surveys not to original papers. 

Many interesting examples of embeddings are embeddings x ^ M™, i.e. knotted 
tori. See references in |MAKj . Classification of knotted tori is a natural next step after the 
Haefiiger link theory |Ha66’j and the classification of embeddings of highly-connected manifolds 
jSkn81 §2]. Such a step gives some insight or even precise information concerning embeddings of 
ar&ztrarp manifolds |Sk07i[Skl0’( [Sk]. and reveals new interesting relations to algebraic topology. 
The Knotting Problem is more accessible for 

2m > 3?7, + 4, 
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when there are some classical complete readily calculable classifications of embeddings 
§2, §3], [MU]. Cf. (S) of ra 


The Knotting Problem is much harder for 2m < 3n + 4: if is a closed manifold that is not 
a disjoint union of homology spheres, then until recently no complete readily calculable isotopy 
classification was known. This is in spite of the existence of many interesting approaches 
including methods of Haefiiger-Wu, Browder-Wall and Goodwillie-Weiss |Skn8[ §5], [WaTOl 
IGW991 IGRSnd] (cf. [Skini footnote 2]). Analogously, for 2m < 3n + 4 if is a closed 
manifold that is not [{n — 2)/2]-connected, then until recently no description the set E^{N) of 
‘embeddings modulo knots’ was known. 

Recent results for 2m < 3n + 4 concern embeddings of d-connected n-manifolds for 2m > 
3n + 3 — d |Skn2l ISkOS’j . embeddings of 3- and 4-dimensional manifolds [SkObl ISkOS’l ISklOl 
IGSIH IGSj and rational classification of embeddings 5^ x —)■ under stronger dimension 


restriction than m > 2p + q + 3 jGRS07[ IGRS12[ IGFSj (the latter used results stated in 12.1 
of this paper). Methods developed in those papers work hardly for 2m < 3n + 3 — d, for 
high-dimensional manifolds and without the stronger dimension restriction. 

The new ideas allowing to treat the hardest cases in this paper follow |Skl5] and unpublished 
work [SkObj . One idea is to find relations between different sets of (isotopy classes of) embed¬ 
dings, invariants of embeddings and geometric constructions of embeddings. Group structures 
on sets of embeddings are constructed. Then such relations are formulated in terms of exact 
sequences. The most non-trivial exact sequence is the main theoretical result of |Skl5] (this 
is |Skl5[ Theorem 1.6], i.e. the exactness of the i/(j(zCA')-sequence from the proof of Theorem 
1.2 in §2.2[ which extends Lemma 2.10 a and which was proved using results stated in 12T of 


this paper). A deeper idea is to find connections between such relations, formulated in terms 
of diagrams involving the exact sequences. These ideas are hopefully interesting in themselves. 


2 Proofs of the main results modulo lemmas 

2.1 Standardization and group structure 

Definition of the inclnsion W C and of M™, D™, 0^, /, For each q < m identify 

the space with the subspace of ME given by the equations Xg+i = Xq +2 = ■ ■ ■ = Xm = 0 
[Ha66j (the notation in |Ha66’l ISklS] is ‘the opposite’). Analogously identify with the 

subspaces of D™, S'™. 

Define M™,M™ C M™ and C S™ by equations xi > 0 and xi < 0, respectively. 

Then S'™ = D™ U D™. Note that 0 x S™“^ = dD™ = dD™ = D™ ft D™ ^ S'™“^. Denote by 0^ 
the vector of k zero coordinates, 

lfc:=(l,0fc), l:=m-p-q-l, ■= x and := x AT 

Definition of the standard embedding i. Assume that m > p + q. Informally, the 
standard embedding is the smoothing of the composition 

jjp+i X X X 0; X ^ x x = D™+T 

2 

Formally, define the standard embedding^ 

i = i™:l^^+'xD‘'+i^D™+i by i{x,y) := {y,/2^W,0iE)/V2. 

®The image of under this embedding is the boundary of a certain neighborhood of S'^ C S™ in 

where embedding / : 5 'p+'J+i —5*™ is defined by {y,z) !->■ (j/,0;,z), y G 
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Note that x S''^) C S'”*, x V^) C D!^ and im,p,q is the abbreviation]^ of im+i,p+i,q 

bnt not of im+i,p,q+i- Denote by the same notation ‘i’ abbreviations of i (it wonld be clear from 
the context, to which sets). 

Definition of a standardized map and homotopy. Take a snbset X C S^. A map 

f : X X S'^ ^ S’” is called standardized if 


f{X X IntD^) C IntD™ and f\xxDl = im,p,q 

Cf. |Sk071 Remark after dehnition of the standard embedding in §2]. 

A homotopy F ■. X x x I ^ S’” x / is called standardized if 


F(A X Int X/) C Int D™ X J and = i x id/. 


Lemma 2.1 (Standardization Lemma; see proof in 13.1). Let X denote either D\ or . For 
X = assume that m> 2p + q + 3. 

(a) Each embedding X x S^ —>■ S’” is isotopic to a standardized embedding. 

(b) If standardized embeddings X x S^ —)■ S’” are isotopic, then there is a standardized 
isotopy between them. 


Definition of the reflections R,Rj. Let R : M”* —)■ M*” be the the reflection of M”* 
with respect to the hyperplane given by eqnations xi = X2 = 0, i.e., R{xi,X2,X3,... ,Xm) ■= 
(—Xi, —X2, X3,..., Xm)- Let Rj be the reflection of MX with respect to the hyperplane Xj = 0, 

i.e., Rj (xi , X2, ..., ^j—l ) ) ^j+l ) • • • ) ^m) • (^1 1 ^2 1 • • • 1 ^j—li 1 ^i+i 1 • • • 1 ^m) • 


Lemma 2.2 (Gronp Strnctnre Lemma; see proof in 13.2). Let X denote either or S^. For 
X = assume that m > q + 3, for X = S^ assume that m>2p + q + 3. Then a commutative 
group structure on F’”(X x S^) is well-defined by the following construction. 

Take standardized embeddings f,g\XxS^^ S’”. Let [/] + [g] be the isotopy class of the 
embedding hfg defined by 


hf 9 {x,y) 


f{x,y) y^Dl 

R{9{x,Ry)) yeDf’ 


The two formulas agree on X x {Df fl Df) because i{x,y) = Ri{x,Ry); clearly, hfg is an 
embedding. 

Let 0 := [i]. Let -[/] := [/], where 7{x,y) := R 2 f{x,R 2 y). 

Define the ‘embedded connected sum’ or ‘local knotting’ map 


^ by ,#(g) := 0#9 = [il#9. 


Identify {1} x S”^ and { — 1} x S”^ with the first and the second component of S'^US'^, respectively. 
Clearly, for m>2p + q + 3 the map is a homomorphism. 


Remark 2.3 (on comparison to previons work), (a) The Standardization and Gronp Strnctnre 
Lemmas 2.1 and 2.2 for X = generalize the well-known constrnction of the connected 
snm of knots, i.e. of isotopy classes of embeddings —)■ S’”. I conld not And either a proof 
that the connected snm is well-dehned for m = g-|-2 = 3, or reference to snch a proof, in 
|BZ03i IGDM( IGF63( IPS961 IRe48( IRo76] . for either PL, G’’ or C°° category (nnfortnnately. 


®For a map / 
g{x) := f{x). 


X 


Y and A C X, f{A) C B C Y, the abbreviation g : A —>■ B oi f is defined by 





















|Adn4| IKa87j and other books are not easily available to me). A non-trivial part of snch a 
proof corresponds to the proof of the Standardization Lemma 2.1 b for X = D^. In another 


formalization the non-trivial part corresponds to proving that ‘if long knots are isotopic throngh 
knots, then they are isotopic throngh long knots’. 

Similarly, it was not so easy for me to reconstrnct omitted proof of |Ha661 Lemma 1.3.b] 
which is Standardization Lemma 


2.1 


b for X = and m > q + 3. 


Even if this proof is nnpnblished, it should be known in folklore. 

This proof and its generalization from X = to X = is not hard, see 13.1 


(b) The Standardization and the Group Structure Lemmas 2.1 and 2.2 for X = gener¬ 
alize the well-known construction of the connected sum of links with two numbered oriented 
components, i.e. of isotopy classes of embeddings —>■ S'™ |Ha66’l Theorem 2.4]. It would 

be nice to have a published example showing that such a connected sum is not well-dehned for 
m = q + 2 = 3, cf. Remark 2.5 d for p = 0 and |PS961 Remark before Problem 3.3]. As in (a), 
a proof that the connected sum is well-defined for m > q + 3 also seems to be unpublished, cf. 
|Ha66’l 2.5]; a non-trivial part of such a proof corresponds to the proof of the Standardization 
Lemma IrTl b for X = S'®. 

This proof and its generalization from X = S'® to X = S'^ is not hard, although more 


complicated than for X = H® , see 1|3.1 


(c) Also well-known are connected sum group structures on the set C"^'''^(S''^) of concordance 
classes of embeddings S''^ —)■ and on the set of link homotopy classes of link maps 

S'^ U S"^ — )■ S'™ |Ko88| Proposition 2.3]. (See dehnition of concordance in 13.1 In knot theory 
concordance is called ‘cobordism’, but I use ‘concordance’ to agree with the rest of topology.) 


Remark 2.4 (on the dimension restrictions), (a) The orbits of the action ff consist of different 
number of elements, and so there are no group structures (-f, 0) on E'™(T^’'?) such that fffg = 
f + (0#^7) 

• for p + I = q = 2k and m = 2p + q + 2 = Qk |Sk081 Classihcation Theorem and Higher- 
dimensional Classihcation Theorem]. 

• for g = 3, p = 1 and m = 2p-|-g-|-2 = 7 |CSj . 

• for g = p = 2 and m = 2p-|-g-|-l = 7 |CS111 §1]. 

(b) There are no group structures on E'^{T^’^) such that rr : TTziVAp) —t E^(T^’®) is a ho¬ 
momorphism. There are no group structures on E'^{T^'^) such that q^rr : '^■^{¥^^ 2 ) —t E'^{T^'^) 
is a homomorphism. This is so because rr-preimages of distinct elements consist of different 
number of elements, and because of the analogous assertion for q^rr |CSj . 

(c) There are no group structures on E™(T^’'^) such that the Whitney invariant W \Sk0t^ 
§iy, \MAWf is a homomorphism 

• for p + 1 = q = 2k and m = 2p + q + 2 = Qk because IT-preimages of distinct elements 
consist of different number of elements |Sk081 Classihcation Theorem and Higher-dimensional 
Classihcation Theorem]. In this case W : Eff{TP’'^) —)■ Z is a 1-1 correspondence. 

• for p = g = 2fc and m = 2p-|-g-|-l = 6fc-|-l because by |Bo71( Theorem 5.1] imIT = 
Z X 0 U 0 X Z which is not a subgroup of the range Z^ of W. So in this case there are no group 
structures on E'ffiT^'^) such that W : E'ffiT^'^) —)■ Z^ is a homomorphism. 

(Note that x = 2W, where x is dehned in |Bo711 §3.9], |CS111 §2.3].) 


Remark 2.5 (on the dimension restrictions in the Standardization Lemma 2.1). (a) The ana¬ 
logue of the Standardization Lemma 2T a for X = S^, m = 3 and p = g = 1 holds and follows 
from the unknottedness of in S'® and the Alexander Theorem stating that any embedding 
—)■ S'® extends to an embedding S'® x S'® or x S'® —)■ S'®. 

(b) If p > g, m > 2p -|- g -|- 3 and X is either Df or S^, then |E™(X x S*^)! = 1 (by (D) 
of 11.3 for X = D^, and by the Haefliger-Zeeman Unknotting Theorem |Skn8’l Theorem 2.8.b] 
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for X = S^). So the Standardization, the Gronp Strnctnre and the Triviality Lemmas 2.1 a, 
2^ and |3.1| hold obvionsly. 

c) If X = 5^, then the analogne of the Standardization Lemma[2.1[a 


• holds for m = 2p + g + 2 by the proof in 13.1 so there is a nsefnl mnltivalned operation 

on cf. [USl Dehnition of a map Z x Z x ifi(iV) x E^{N) 2®"(^)]. 

• is false for m = 2p + g + 1. (If it were trne, then a mnltivalned operation ‘+’ on E^{TP’'^) 


wonld be defined by the formnla of the Gronp Strnctnre Lemma 2.2 We would have W{h) = 
iy(/) + hL(g) for each h G {/+g}, cf. |SklO’l end of 112]. This contradicts to im W = Zx0U0xZ 


of Remark 2.4,c for m = 2p + q + 1.) 


(d) The analogue of the Standardization Lemma 2.1 b for X = and m = 2p + q + 2 
• holds for embeddings from im,^; so there is a group structure on im,^, cf. |Avl6i 
Gonstruction of and in the proof of Lemma 19]. 


• is false for p > 0. (If it were true, then the Group Structure Lemma 2.2 would be true. 
Indeed, for the deduction in §3.2| of the latter from the Standardization Lemma |2.1| a weaker 


restriction m > max{2p + g + 2,p + g + 3} is sufficient, cf. Remark 3.2 a. So one obtains a 


contradiction to Remark 2.4 ac for m = 2p + g + 2.) 
• is conjecturally false for p = 0. 


2.2 Proof of Theorems |1.2| and |1.7| using Lemmas |2.1| , |2.2| , |2.6| , |2.8| 

Before reading this subsection a reader might want to get acquainted with the idea by reading 


the proof of a simpler result in 12.3 


Lemma 2.6 (See proof in 13.4). For m > p + g + 3 the following is exact sequence of groups: 

-^ 4 7rg(5') ^ E”^(T4^’‘') 4 E’"(T4) ^ ... 

Here H is the restriction-induced map; X' is defined below and p' is the composition of r and 
the map p” : 7iq{S’‘) = 7rg(G+i,i) —t TTq{ym-q,p+i) induced by ‘adding p vectors’ inclusion. 

Definition of A'. Take an embedding / : —)■ Informally, A'[/] is the ob¬ 
struction to the existence of a vector field on /(Ip x normal to f{Tf’ff^). The following 

accurate definition is [Skl51 Definition of Ob in p.9], cf. definition of A in 12.4 For sufficiently 
small e > 0 take 

• a trivialization t : D/ x x —)■ 5'”^+^ of the normal bundle to f{D^ x such 

that \t{x, y, z) — f{x, y)\ = e for each (x, g, z) G D+ x x S'/ 

• a unit normal to vector held s : —)■ S'™'+i on /(Ip x 

Let A'[/] be the homotopy class of the map 

S'^ A dDl^^ *4' Dl X X R' a R/ where e{x) := (0, x). 

This is well-dehned because both trivialization t and vector held s are unique up to homotopy. 

Definition of the Zeeman homomorphism 

C = C™ : 7r,(S’"-"-') ^ E™(S'? U for q<n. 


Denote by i^ g : S''^ —)■ S'™ the standard embedding. For a map x : S''^ —>■ S' 


m—n—l 


representing 


an element of vrq(S' 




let 


G:S'?^S™ be the composition ^9 *4’^ x S” A S™, where i := i„^„-l,n• 
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We have C^{S'^)nim,n{S‘^) C 1(5”* "■ ^ x S'"')ni(Om-n x S'”) = 0. Let CN := [Ca;LI im,n]• Clearly, 
( is well-defined, is a homomorphism, and X( = id7iq{S^~"‘~^). 


Cf. |Skl5l Dehnition of Ze in p.9]. Note that Cm,q,q = 


= rfi 


Definition of the homomorphism 

a = am,p,q : U 5^+'?) ^ for m>p + q + 3 and g > 0. 


Cf. |Skl5| §3, Dehnition of a*]. Denote by E^{S^ U S”) C E^{S^ U S'”) the subset formed 
by the isotopy classes of embeddings whose restriction to the first component is unknotted. 
Represent an element of E'^{S'^ U by an embedding 

/ : S'^ U S’” such that f\s, = i lop+ixS'/ and /(^^’+'^) H i(DP+^ x S^) = 0. 

Join to i(—Ip X S''^) by an arc whose interior misses /(S'^’*"'^) U i(D^+^ x S''^). Let a[f] 

be the isotopy class of the embedded connected sum of i \spxSi and f\sp+<i along the arc. (The 
images of these embeddings are not necessarily contained in disjoint balls.) 

The map a is well-dehned for m > p + q + 3 and is a homomorphism for m > 2p + q + 3 
|Skl51 Lemmas 3.2 and 3.3]. (The main reason for being well-dehned is that E^{S^ U S'”) is in 
1-1 correspondence with the set of isotopy classes of embeddings whose restriction to the hrst 
component is standard [Skl51 Lemma 3.1], cf. |Ha66’l Proof of Theorem 7.1].) 

Remark 2.7. (a) For p = 0 the map a is not necessarily the identity but is an analogue of the 
unframed second Kirby move |Ma80[ §3.1]. For an embedding / : S''^ U S''^ —>■ S'*” the image a[f] 
is the isotopy class of the embedding T°’'^ —)■ S'’” that 

• on 1 X S"^ is the ‘standard shift’ of the hrst component of / and 

• on —1 X S''^ is the embedded connected sum of the components of / (the order of the 
summands does not play a role). 

(b) We have a{f) + iifg = o'ifffg)- See |Skl5( Remark after Claim 3.2] on and a. 


Proof of Theorem 1.2. Consider the following diagram (the dotted arrow q^r is required 


not for this proof but for the proof of Theorem 1.7 below). 







C I A 


1 #^ 


E^{S^ U SP+'?) 
A 




(^g-1 □ 


^m-l(^g-l U SP+9-1) 



Here the A'/iV'-sequence is dehned in Lemma 2T, maps ( and a are dehned above, 

• i is the inclusion, 

• z/ is the restriction-induced map, 

• the map F is well-dehned by Vq^{f) := z/(/), 

• jffg := jifg, where the ‘standard embedding’ j : S^ U —)■ S’” is any embedding whose 

components are contained in disjoint balls and are isotopic to the inclusions. 

The commutativity of the triangles is clear, except for = ajff, which follows by a[j] = [i]. 
The exactness of the z/cr(ACA’)-sequence is |Skl51 Theorem 1.6]. 
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1.1 


The map i © j# is an isomorphism |Ha66’[ Theorem 2.4], Hence by the Smoothing Lemma 


and = (Tj^, the hrst two third-line gronps both have ii^™'(S'^’'''?)-snmmands mapped one 
to the other nnder a. Taking qnotients by this summands one obtains the exactness of the 
second line. 

Since AC = id, Theorem |1.2| follows by Lemma [2.8| below applied to the hrst two lines. □ 


Lemma 2.8 (see proof in t3.5). Consider the following diagram (of finitely generated abelian 
groups) whose triangles are commutative: 


All 




bi 



Y 


X 

ii Ui r 
/ 


Cl 


¥ 




■ An 


Bo 

to 

B'o 


Assume that tQ is injective, Ifii = id Hi and seguences aibiCiOo and a[b[c[aQ are exact. 

Then b'l ker li = ker li and groups C[/b[ ker li, Ci have isomorphic subgroups with isomorphic 
guotients. 

Moreover, if Ci is finite and ker/i is free, then 6(ker/i is a direct summand in C[. 


Proof of Theorem [Z3 Part (b) follows by the ‘moreover’ part of Lemma |2.8| applied to the 
upper two lines of the diagram from the proof of Theorem 1.2, including the dotted arrow q^r. 
Let us prove part (a). Denote m = Ql — p and q = 4 / — p — 1. Since p < I, we have 

= Z is free. Since 


we have iL™+g 


m > 2p + q + 3 and m > _|_ 2. Hence by (L’) of §L3 

2m = p + 3q + 3 > 3g + 4, by (D) of ^l.Slwe have x SP = UniVm-Q p+i)- This is hnite 

lEESl Lemma l.r2|. So (a) follows fiX'(b). 


1.2 


Remark 2.9. (a) Proofs of Theorem 1.2 and Lemma 2.8 show the following. 
The hrst subgroup of Theorem 


is q^a{K(fipj_^). The second subgroups of Theorem 


1.2 


□ 


are 


im(q'^crC) and im /i' = ker u'. The quotients of Theorem 1.2 are im C = ker A' = ker(CA') = im z7 
In other words, the groups E'^iT’^'^) and 
group for the hltrations 


Kffp+q are associated to the same 


0 C C g# ima C EfiffiT^'^) and 


0 C O' 


c imp 


P,P+Q 




P,P+Q' 


(b) The square in the diagram from the proof of Theorem 1.2 is not commutative, i.e. 
g#crC 7 ^ q#rp!, for p = 0, g = 4/ — 1 and m = 6/, by Theorem 2.13 b because ( = rjj!. 


(c) I conjecture that the piecewise linear (PL) analogue of Theorem 1.2 holds. This analogue 
is obtained by replacing H^(TP’'') and by and the group 

KfOp+q remains the same. 


The PL analogue of the Standardization Lemma 2.1 for X = holds by [SkOTj . The PL 
analogues of the Standardization Lemma 


2.1 


for X = of the Group Structure and the 


Triviality Lemmas 2.2 and 3.1 hold with the same proof (there is even a simplihcation in the 


proof that [/] + [/] = 0). It would be interesting to find the PL analogue of Lemma 1.10 


^°This version of 5-lemma is simple and possibly known. The existence of the dotted arrow r such that 
Cl = rc'i is not required before the ‘moreover’ part. 
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2.3 Appendix: new direct proof of Corollary |1.8| .a 

In this subsection we present some ideas of proof of Theorem |1.2| by presenting a direct proof 
of Corollary 1.8 a. (This proof is simpler than that sketched in (1.2 for p = 1, but more 
complicated than the classical proof for p = 0.) Formally, this subsection is not used later 
except that §2.4 uses statement of Lemma 2.10 


a. 


Definition of the following diagram for m > p + q + 3. 


'^q+l(Vm-q,p) 

Tp 

J^m+l 


■TTq{S^) - ‘^'Kq{Vm-q,p+l) 

^ Y 

E^{TP’i) 




Tp 




g^r-Tp+1 





( ' 


A' 


Here g#,r, A' and Tp := are defined in §(1.1, 1.2, 2.2 
• the sequence is the exact sequence of the 


brgetting the last vector’ bundle S’- —)■ 


hm—q,p+l t V^ji—q^pi 


• the map u is well-defined by i^ 5 '#pr[/] := [/I'pp.?]. 

• the map a' = a'p is defined as follows. For a map x : 5'^ —>■ representing an element of 

Tq{S^) let (x be the composition 


^p+l ^ ^q JJP+q+i Jxy gl'- 


where i := im,p+q,i and h is the exchange of the first I + 1 and the last p -|- g -|- 1 coordinates. 
The image of (x is contained in x S'") and so is disjoint from = hi(S'^+'^ x 0/+i). 

Join to Cx(—Ip X S'^) by an arc whose interior misses 5'^+^ x S"^). Let a'[x\ be the 

equivalence class of the embedded connected sum of the inclusion 5'^+'? c S'^ and Cx\tp<i along 
the arc. Clearly, a' is well-dehned for m>p-|-g + 3, isa homomorphism (and a' = q^a{h~^C,) 
in the notation of §2.2 ). 

Lemma 2.10. (a) The a’vX'-sequence is exact for 2m > p -\- 3q 4. 

(b) The right Tp is an isomorphism for 2m > 3g + 5 and an epimorphism 2m >3q + 4. 

(c) The diagram is commutative up to sign for m>2p + q + 2 and 2m >2p + 3q + 4. 


Corollary a for p > 1 follows from Lemma 2.10 and 5-lemma. Corollary |1.8[ a for p = 
0 follows from Lemma 2.10 because Vm-qp is a point, so q#rTi is the composition of the 
isomorphisms a' and (p")“^. 


Lemma 2.10 
Theorem 


1.2 


a follows from (L) of (1.3 and |Skl51 Theorem 1.6] (restated in the proof of 


in §2.2|). In §2.4 we present a simpler direct proof of Lemma 2.10 a for m > 2p-|-g-|-3 

a). 


and 2m > 2p-|-3g-|-4 recovered from |Sk06j (this weaker result is sufficient for Corollary 1.8 


This illustrates ideas of proof of the deeper result |Skl5( Theorem 1.6] whose full strength is 


only used in (2.2 


^and (D) of (|L^ p] 


Lemma 2.10 b follows by Theorem 

An embedding / : S'"’ x X —)■ S’*" is reflection-symmetric if / o x idX) = Rio f. 

Proof of Lemma 2.10.C. Clearly, Tpu” = By definitions of A' (§2.2 ) and of A'' 

.4) A" = TpX'. So it remains to prove that a'^ = g^rrp+i/i". Take any x G Tq{S^). 


First we prove the case p = 0 for 2m > 3g-|-4. An embedding /' : T®’*? —)■ S'™ representing a'^x 
is obtained from an embedding / : —)• S'™ representing rri/ig by the unframed second Kirby 


^^The required case of Theorem 1.10 is trivial, so the assertion follows just by (D) of 

S' 


^m+i(^g+i) _ Q every isotopy S'^ x I 

the identical one. 


1.3[ because 
X I between standard embeddings is isotopic to 
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move defined in Remark 2.7 a. Denote by A_/ the linking coefficient, i.e. the homotopy class 


of the second component in the complement to the hrst component. Dehne A_/' analogonsly. 
Clearly, A_/' = A_/. The restrictions of / and /' to the hrst component are isotopic to the 
standard embedding. Since 2m > 3g + 4, by (L) of f 1.3 = ?#[/]• 

A representative of rTp^in'^x is a rehection-symmetric extension of a representative of 
rTpHp_^x. A representative of a'pX is a rehection-symmetric extension of a representative of 
crp_^x. Since m > 2p + q + 2, 'a'p = q^rTp+iPp for 2m > 2p-|-3g-|-4’ follows from ‘cTq = q^rTip^ 
for 2m > 3g -|- 4’ by the following Extension Lemma 2.11 □ 


Lemma 2.11 (Extension Lemma). If m > 2p + q + 2 and fp,gp : —>■ S'™ are reflection- 

symmetric extensions of concordant embeddings f,g : —)■ then fp and gp are 

concordant. 


Proof. Let F be a concordance between / and g. Identify 




U 




m —1 


X I 


U 


D™ with 


5m-l=5m-lx0 






m 


and 




U 


rj^p-l,q 


rpp-l,q—TV-^,<lXO 


xl IJ T^’'^ with pP’fl 


where by A we denote a copy of A. Let F' : —)■ S'™ be an embedding obtained from 

U F U by these identihcations. Dehne an embedding 


4 : —)■ by ieix) := {ex, ^/l — e‘^\x\‘^). 


Since m > 2p -|- g -|- 2, analogonsly to the Standardization Lemma [2.1[ a there are e > 0 and an 
embedding -0 : x ^ snch that '0 |spxD'? = F' o (idS^ x ifl). Let 


S := - RP X 4(Int F")) (J F^+i x S^-L 

SPxiE(5'J-i)=SPxS'3-i 


Clearly, S = S'^+^. Let 7 : Con S —)■ S'™ x J be the cone over (F' U '0)|s- Identify 

with F^+^xF^ IJ ConS. 

DP+ix5'3-i=n)P+ixS'i-ixO 

Take a piecewise smooth embedding —)■ S'™ x I obtained from F' U 0 U 7 by this identi- 

hcation. This embedding can clearly be shifted to a proper piecewise smooth concordance F+ 
between fplT^’i and gplrp-i, smooth ontside a ball. 

The complete obstrnction to smoothing F+ is in F™(S'^+'^) [BII70, Bo71]. If we change 
concordance F by connected snm with an embedding h : S'^+'? —)■ S'™“^ x I, then F+ changes 
by a connected snm with the cone over h. Hence the obstrnction to smoothing F+ changes by 
adding [h] G E'^{S^~^'^) [BH70, Bo71]. Therefore by changing F modnio the ends we can make 
F+ a smooth concordance (in particnlar, orthogonal to the bonndary). So we may assnme that 
F+ is a smooth concordance. 

Dehne F_ by symmetry to F+. The two proper concordances F+ and F_ £t together to give 
the reqnired concordance between fp and gp. □ 
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2.4 Appendix: new direct proof of Lemma 2.10 


a 


Abbreviate i = im,p,q- Take the ‘standard’ homotopy equivalence h : — i(lp x S''^) —>■ S'^ ^ 

Definition of A(/) G 7rp+q(S'™'“^“^) for an embedding f : T^’'^ —)■ coinciding with i on 

. The restrictions of / and i onto T^’'^ coincide on the boundary and so form a map 


/ : TP’'? ^ S^- i(lp X ^'?) A 

Clearly, x 59 ) is null-homotopic. Since m > 2p -|- g -|- 3, by general position the map 

n^p,i 

J^P,<} ^ i^P+Q 

-Ip X Si y Sp xlg 

induces a 1-1 correspondence between 7 rp+g(S'”*“'?“^) and homotopy classes of maps TP'I —)■ 
gm-q-i nuiphomotopic on —Ip x Si. Let A(/) be the homotopy class corresponding to the 
homotopy class of —Ip x Si. 

Definition of X{f) G 7rp+q_i(S'™'“'?“^) for an embedding f : TP’*? —)■ S'™ coinciding with i on 
Ip X Si. Since m > 2p -|- g -|- 2, by general position the map 


dTP’i 4 TP’'?-^ ^ X 4 4 SP+‘?-^ V S'?-^ 

induces a 1-1 correspondence between homotopy classes of maps dTf_’'^ —)■ 5'™“'?“^ and Sp~^i~^ V 
Si~^ —)■ 5'™“'?“^. Let A(/) be the image under the restriction map of the homotopy class 
corresponding to the homotopy class of the map 


/lar^.^ : aTP’" ^ S^- i(lp X ^'?) 4 S™-'?-^ 


Lemma 2.12. Assume that m > 2p + q + 3 and 2m > 2p + 3q + 4:. 

(a) If embeddings f,g : TP'I -y S'™ coincide with i on and A(/) = X{g), then q#[f] = 
Q#[9]- 

(b) For each y G vrq(S'^) there is an embedding g : TP'I —)■ S'™ representing crfiy), coinciding 
with i on and such that X{g) = FT,Py. 

(c) For each embedding f : TP’'? —)■ S'™ coinciding with i on IpX S''? we have X{f) = ±SpA'(/). 
(Recall that X' is defined in 


Proof of (a). SinceA(/) = A (g), the abbreviations/, g : —)■ S'™—i(lpXS''?) are homotopic 

relative to the boundary. Since g — 1 > 2{p + q) — m + 1 and m — q — 2 > 2{p + q) — m + 2, 
these abbreviations are PL isotopic by |Ir65j . Since 2m > 3q + 4, there is a unique obstruction 
to smoothing such a PL isotopy, assuming values in E'^{Sp~^i). This obstruction can be killed 
by embedded connected sum of / with an embedding Sp^i —>■ S™. Hence g#[/] = g#[g]- □ 

Proof of (b). Take a map y : Si ^ S^ representing y. Take the linear homotopy between 
the map S'^ —)■ 0;+i G and the composition of y with the inclusion S^ C This 


?^Looking at the Puppe sequence one can see that m>2p + q + 2\s sufficient. 

?^In this definition of A(/) one can avoid using the triviality of the restriction to i(—Ip x Sfi, analo gously to 


2.12 


the definition of A(/) given below. However, the above definition is more convenient for Lemma 
Alternative definition of X{f). Denote BP'^i := TP'I — (IntDP x U x IntD^- Since m > 2p + g + 2, by 
general position making an isotopy we may assume that / = i on TP'I — Int Bp^i. Hence f\Bp+i and i {bp+i form 

a map Sp^i —>■ S'™ — i(lp x Si) 4 S"^~i~^. Let A(/) be the homotopy class of this map. Since m > 2p + q + 3, 
this is well-defined, i.e., is independent of the isotopy used in the definition. 

There is analogous alternative definition of X{f). 

The element A(/) is not an isotopy invariant of /, as opposed to A(/). 
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homotopy defines an isotopy between i and the embedding (y from the dehnition of a'. This 
isotopy is ‘covered’ by an isotopy of S'™. The latter isotopy carries the representative of cr'^y) 
constructed in the dehnition to an embedding —)■ S™ which we denote by g. Clearly, g = i 

on Clearly, X{g) equals to the homotopy class of ‘the image’ of under this isotopy in 
S™ — i(lp X S'^) ~ grn-q-i^ equals to the homotopy class of 5'^+'? in S™ — Cyi^p x *5''^) ~ 
Since g < 2/ — 2, by the Freudenthal Suspension Theorem the group vrq(S'^) is stable. 
Hence by |Ke591 Lemma 5.1] the latter homotopy class equals to the ±S^-image of the homotopy 
class of Cy(lp X S‘^) in S'™ — S'^+'? ~ S'b The latter class equals to y, so X{g) = ±S^|/. □ 

Proof of (c). (This is a simpler ‘algebraic’ analogue of |Skl5l Lemma 3.8].) 

Take an embedding / : —>■ S'™. Since 2m > 3g + 4, making an isotopy of S'™ we may 

assume that / = i on Ip x S^. Clearly, A(/) is the homotopy class of the composition 

SP+9-1 4 dDl xDfyjDlx dDf - i(lp X S’^) A S™-''-\ 


where the map / U i is formed by the abbreviations of / and i which agree on the boundary. 
Identify in the natural way 

• SP+1-^ with dDl xDfUDP_x dDf; 

• DP^xDf with DfxDPf; and 

• with d(DP, X = dD^, * 4, where X * F = - XxIxY -^ 

’ + ’ XxOx|/,a;xlxy 

Use the notation t, s from dehnition of A' in {2.2 Since / = i on Ip x S''^, we may assume 
that ht = prg on Df x d{D^ x So the above composition representing A(/) maps 


dDP+ xDf = f-HiDf X dDP+ X 0;+i) to dDP+ x 0 x [4] C * 4 as 

• —Ip X dDf to [dDf] X 1 X S’- C dD^ * S’- as 

• Df X dDf ‘linearly’ to the join dD^ * S'k 
Therefore ±A(/) = SP[pr3r^s0 ] = SpA'(/). 


□ 


In the rest of this subsection we prove Lemma 2.10 a for m > 2p + g + 3 and 2m > 2p + 3g + 4 


The exactness at Clearly, Va' = 0. 

Let / : —)■ S'™ be an embedding such that Vq^[f] = 0. Making an isotopy of S'™ we may 

assume that / = i on Since g < 2/ — 1, by the Freudenthal Suspension Theorem there is 
e 7 rg(S'^) such that TPx = A(/). So by Lemma 


X 


2.12 


b there is an embedding g : T^’'^ —)■ S'™ 
representing Pa'ix), coinciding with i on T?’'^ and such that A(g) = TPx. Then by Lemma 
2 T§a g#[/] = g#[g] = a'{±x). □ 

The exactness at F^™(T^’'^). Take any 2 ; G ker A'. Since 2m > 3g + 4, 
the right Tp of the diagram from the beginning of 4-3 is an epimorphism 
Zi G 7iq(ym-q,p) such that z = TpZi- By Lemma 2.10 
there is Z 2 G 7rq(I4rx-g,p+i) such that Zi = v"z^- Then by Lemma 2.10 
F(g#rrp+iZ 2 ). 

Take an embedding / : T^’'^ —)• S'™. Then /It’P.'j gives a null-homotopy of A(/). Since 
g < 2/ — 2, by the Freudenthal Suspension Theorem the homomorphism Tp of Lemma [2. 12 
injective. So A'[/] = 0. 

Pro of tha t ker a' C im A'. Take any 2 ; G ker a'. Take a representative g of a'{x) = 0 given by 
b. Represent S'“’''^ = US'“ x /The restriction Tf’‘' x / —)■ S™ x / of an 


Hence there is 
c A'Ti = X'z = 0. Then by exactness 
2: = rp2:i = Tpiy”z2 = 


C IS 

□ 


2.12 


Lemma 

isotopy between g and the standard embedding is an isotopy between standard embeddings. So 
this restriction can be ‘capped’ to give an embedding G : —)■ S'™'*'^. Since 2m > 3g + 5, 

we may assume that G = i on Ip x S''^. We have 

SPA'(G) = ±A(G) = ±A(g) = 
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Figure 1: To the proofs that kera' C imA' and a'X' = 0. The cube stands for S'™ x /; its 
horizontal faces stand for S'™ x k, k = 0,1. The ellipses stand for i(T^’'^) x k, k = 0,1. The 
curved line P'Q' stands for g{D^ x S''^) x 1. The curved lines PP' and QQ' stand for the image 
of dD^ X S'^ X I under the isotopy between standard embeddings. The points M, N, M', N' 
stand for i(±lp x S'^) x k, k = 0,1. 


Here equalities (1) and (3) follow by Lemma 2.12 be and equality (2) is proved below. Since 
g < 2Z — 2, by the Freudenthal Suspension Theorem injective. So a; = ±A'(G'). 

Let us prove equality (2). Denote := i(lp x Then fl i(T^’^) = 0 and we 

may assume that g is transverse to Since g < 2/ — 2, by the Freudenthal Suspension 

Theorem the group T^q{S’‘) is stable. So A(g) corresponds under Pontryagin construction and 
(de)suspension to the framed intersection ng(T^’'^) C A'?+^, for certain framings on A9+1 
and on g{Tf’'^). Analogously, we may assume that G is transverse to x / C S'™ x / C 
5'™+^. So A(G) corresponds under Pontryagin construction and (de)suspension to the framed 
intersection x J fl G{dTf’^ x J) C x I, for certain framings on x I and on 

G{dTf’'^ X I). Consider the framed intersection A'?+^ x / fl G{Tf’‘^ x J) C A'^+^ x I, for certain 
framings on A'?+^ x I and on G{Tf’'^ x I) of which the above framings are the restrictions. The 
latter framed intersection is a framed cobordism between the hrst two. Thus A(G) = A(g). □ 

Proof that a'X' = 0. (This proof suggests an alternative definition of (X' allowing 
minor simplification in |Skl5] .l Take an embedding F : S'™^^. Represent 5'“+^ = 

Dq'^^ U S"^ X j U Analogously to the Standardization Lemma 

can assume that 

• F\d’Ixsixi is a concordance between standard embeddings, 

• ^IdIxdI 

Since g < 2Z — 1, by t' 

= X{F). By Lemma 


2.1 


making an isotopy we 


;, 9 +i is the standard embedding into D™"*"^ for each fc = 0,1. 

re Fr eudenthal Suspension Theorem there is a; G 7iq{S^) such that 
b there is an embedding g 


2.12 


5 'm representing ±cr'(a;). 


coinciding with i on and such that A(g) = 


14t 


2.10 c cr'A' = 0. 


If 2m > 89 + 5 , by Lemma 2.10 b the left Tp is an epimorphism. Then for 2m > 2p + 3g + 4 by Lemma 
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The concordance -F|£)P is ambient, so there is a diffeomorphism 

$ : X / —)■ X I snch that <h(F(|/, 0), t) = F{y, t) for each y G -D+ x t G /. 

So the standard embedding i is concordant to an embedding / : —)■ S'™ x 1 = S'™ defined 

by fiy) •= *^(-^ 0 ( 2 /), !)• The class A(/) corresponds to the homotopy class of 

i U ^ ^™ X 1 - i(Int T|’^) x 1 ~ 


We have A(/) = A(F) = = A(( 7 ), where the hrst eqnality is analogons to the eqnality 

(2) in the previons proof. Besides, f and q are standard on Therefore by Lemma 
a'A'(F) = q#[g] =q#[f]=0. 


2.12 


□ 


2.5 An isomorphism of Conjecture |1.3| for p = 0 

Let Ln G 7in{S"‘) be the standard generator, k > 0 any integer and w := [t 2 fc, t' 2 k] ^ 

Theorem 2.13. Assume that q = Ak — 1 and m = (3g + 3)/2 = Qk. 

(a) The following map is an isomorphism: 

r © ctU™ © i# : L;™(D' x S"^) © iL™ © ^ E™(T°’''). 

(b) q#aCw ^ q#Cw G E™(T°’''). 

Consider maps 


^ 


A± 


where 


• r± is ‘the knotting class of the component’, i.e. r± is indnced by the inclnsion S''^ = 
±1 X S^ C 

• is the embedded connected snmmation with the ± component, so that s_ = , 7 ^, 

• A± is the linking coefficient, i.e. the homotopy class of the ©-component in the complement 
to the other component (see accnrate definition in |MAL] . jSkOS’l §3]), 

• H is the generalized Hopf invariant (here it is only nsed only for 2m = 3g + 3 where it is 
the ordinary Hopf invariant assnming valnes in vrq(S''^) = Z). 

Identify and TTq{S‘’) with Z by the isomorphism of |Ha 66 [ ISkOS] and by the 

isomorphism carrying Lg to + 1 . 

Recall that Hw = 2 |Po85( Lecture 6 , (7)]. 

Lemma 2.14 (Symmetry Lemma), (a) A_C = ((—l)™“'^tm-q-i) °^+C- 
(b) If q = Ak — 1 and m = (3g + 3)/2 = 6k, then HX_( = HX+(. 

Proof. Part (a) follows because for a map x : S''^ —?• 5'™“'^“^ the link obtained from by 
exchange of components is isotopic to where S is the symmetry w.r.t the origin. 

Part (b) follows because 

HA_C = H[{-i2k) o A+C] = H[-X+C + wHX+C] = HX+C 

Here (1) is (a), (2) is |Po85t Complement to Lecture 6 , (10)] and (3) follows by Hw = 2. □ 

^^This and EA_ = SA+ imply that A_C = A+C, which we do not need. 
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Proof of Theorem \2.1!^ b assuming the Calculation Lemma \2.15\ The result follows because 
A+s_ = A+ and 

HXj^(w = Hw = 2 7 ^ 6 = 3Hw = (TrA+ + 2HX_)(w = HX+a(w, where 

• ( 1 ) follows because A+C = 

• (4) follows because A+C = id 7 rq(S'”^“'^“^) and by the Symmetry Lemma 2.14 b; 


(5) is implied by the following Calculation Lemma 2.15 


□ 


Lemma 2.15 (Calculation Lemma; proof is postponed). If q = Ak — 1 andm = (3g+3)/2 = Qk, 
then 

A_cr = A_, r_cr = r_ H-- and HX-^.a = HX++ 2HX-. 


Proof of Theorem \2.13[ a assuming the Calculation Lemma \2.1^ Consider the diagram 

, where 


E © © K' 

E® [r+r©A+r]©id X 

E®[E®7t]®K 


E^E® E™(T0’'?) 

id £:©id£;©[A+ex] 


/id TT 0 

idS©idE© 

yA+cr —id A 


E®E®[7r®K] 


K = K. 




E = E"^{S‘^), TT = 7 rg(S'”* ^), fix = X— s+r+x—s_r_x and xx = x—CA+x. 

Clearly, all the horizontal arrows except s_ © r © (t|x are isomorphisms. The vertical arrows 
are isomorphisms, see Remark 1.11 a, case p = 0. Thus it suffices to prove that the diagram is 
commutative. 

Clearly, the diagram is commutative ‘over (p~^{E © [i? © 0] © 0)’. The commutativity ‘over 
<p“^(0 © [0 © tt] © 0)’ holds because A+s± = 0, so A+n(s _(7 + rf + af) = A+r/' + A+a/. The 
commutativity ‘over <p “^(0 © 0 © iC)’ holds because 


Lls-= 0, xLlr = 0 and xUalx = —idK, so M:Il{s-g + rf + af) =—f. 


Below we prove the first three equalities of the above. 

The equality Lls. = 0 holds because r_s_ = idE. 

The equality xLlr = 0 holds because for each x G E'^{T]ff 


xLlrx = xlirrf^^y = xlf^p = M:(y = 0, 


where 


• equality (1) holds for some p G tt by Theorem 

• equality (2) holds because = (, 

• equality (3) holds because r+(C = r_( = 0, and 

• equality (4) holds because A+C = id 7 r. 

Proof that xLlali^ = —idK. Take any x G iL = ker(A+ © r_i_ © r_). Then fix = x. Also, 
nC = (. So it suffices to prove that 


1.10 


because A+rr™^ = idvr. 


X := X + flax — (X+ax = 0. 

Recall that embeddings —>■ are isotopic if and only if their r±- and X±-invariants 

coincide |Ha62’( §3]. The map iLA_ : iL —)■ Z is an isomorphism. So we are only required to 
prove that r±x = 0, A+x = 0 and HX-X = 0. 

Since r±x = 0, r±n = 0 and = 0, we have r±x = 0. 
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Since A+x = 0, A+II = A+ and A+C = idvr, we have A+x = 0. 


By the Calculation Lemma 2.15 HX^ax = iLA_x and ifA+ax = 2iLA_x. This, A±n = A±, 


the Symmetry Lemma 2.14 b and A+C = idvr imply that HX_x = ifA_x + iLA_x — 2iLA_x = 

0. □ 


Proof of the Calculation Lemma 2.15 is based on the following lemmas. 

For a link denote by the embedded connected sum of its components (they are not 
necessarily contained in disjoint cubes). 


Lemma 2.16 (Connected Sum Lemma). The ‘connected sum’ map 


^ IS # = r+ + r_ + 


pQk ( nAk—1 


HX+ + HX 


Corollary 2.17. For k = 1,3,7 let rj : ^ —)■ 5^^ be the Hopf map. The embedded connected 

sum ikCv of the components of (rj is the generator of . 


Proof. This follows from r±( = 0, A+^r; = rj, Hrj = 1 and the Symmetry Lemma 2.14 b. □ 

Proof of the Connected Sum Lemma \2.1(^ Clearly, 

• 7 )^, r+, r_, A+, A_ are homomorphisms. 

• if is invariant under exchange of the components. 

• 7 )^ = r+ + r_ for links with components contained in disjoint cubes. 

So the lemma follows by the Whitehead Link Lemma 2.18 below because Plw = 2. □ 


Lemma 2.18 (Whitehead Link Lemma). There is u & j^&k^rpQ,ik such that r+ca = r_a; = 0, 
A+ca = 0, A_a; = w and ffu = 1. 


Proof. (This proof is essentially known.) Denote coordinates in by 

(x, y,z) = (xi,..., X2fc, 2 / 1 , ..., |/ 2 fc, Zi,..., Z2k)- The Borromean rings is the linking U 

^ 4 fc-i y 5 ' 4 fc-i y ^6k three spheres given by the equations 


Jx = 0 

{y = Q 

and < 

+ 2z^ = 1 

+ 2x^ = 1 

1 



respectively, with natural orientations. Let u : 5^^“^ U —)■ be the embedding whose 

hrst component is the connected sum of and and the second component is 

By |Ha62j = 1. Since each of the spheres spans an embedded disk 

in and the disks for and Sy^~^ are disjoint, we have r±u = 0. Since and 

span other disks disjoint from S^, we have A+w = 0 . 

The spheres and Sy’‘~^ span another disks whose intersections with form the 

Hopf link. Moreover, there are framings on the disks that are compatible with the orientations 
and give the standard framing on the Hopf link. Hence A-o; = w. □ 


Proof of the Calculation Lemma\2.15. Clearly, A_(j = A_. 


By the Connected Sum Lemma 
We have as- = s_cr. So for cal. 


2.16 


r_a = if = r_ + 


2 


culation of iLA+cr)/] we may assume that r_[/] = 0. Let 
^jJs- ■ (" 2 ^ 0 , 4 *:- j^6k(j^o,ik-i^ ‘change of the orientation of the hrst component’ map. 

Then omitting the argument [/] we have 


0 = r_ iffj+a = (2r_ + HX+ + HX.)fj+a = (2r_ - HX+ + HX.)a = 


= 2if-HX+a + HX_ = HX+ + HX_-HX+a + HX_ ^ iLA+a = iLA++ 2iLA_. 
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Here 


(1) holds because two copies of the hrst component having opposite orientations ‘cancel’, 


(2) and (5) hold by the Connected Sum Lemma 2.16 because r+a = 0, so = 0, 


(3) holds because r_'0+ = T-, A+'0+ = — A+ and, analogously to the proof of the Symmetry 


Lemma 2.14 b, iLA_'0+ = H{{—i 2 k) ° A_) = HX_. 
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(4) holds because r^a = and A_ct = A_. □ 

For k = 1 the two sketches below are complete proofs, because ‘analogously to |Wa66[ §4]’ 
and ‘by the analogue of |Wa66[ Theorem 4]’ can be replaced by ‘by |Wa66[ §4]’ and ‘by |Wa66l 
Theorem 4]’. 


Sketch of an alternative proof of the Calculation Lemma \2.1^ Take a representative / : 
rO’4^-1 —)■ of an element from Denote by a representative of cr[f]. 

Analogously to |Wa66l §4] there is a unique normal framing of / such that pk{Mf) = 0 
for the 6A;-manifold Mf obtained from 5®^ by surgery along / with this framing. Denote by 
f± G Hik{,Mf) ‘the homology classes of handles’. Analogously to |Wa66l Theorem 4], |Sk08’j 
HX±[f] = f±f^ and Qr±[f] = ff_. There is ‘sliding handles’ diffeomorphism Mf —)■ Mg. 
Under this diffeomorphism g+,g- go to /+,/+ + /_. Since r^[f] = 0, we obtain the required 
relations. □ 


Sketch of an alternative proof of the Connected Sum Lemma \2.16[ Take a representative 
/ : —>■ S*®^ of an element from Denote by g a representative of #[/]. The 

lemma follows by the analogue of |Wa66[ Theorem 4] because ‘the homology class of handle’ 
go e H^kiMg) ‘goes to’ /+ + /_, so [g] = (/+ + f-f/Q. □ 


3 Proofs of Lemmas 


3.1 Proof of the Standardization Lemma 2.1 


Proof of (a) for X = D^. Take an embedding g : —)■ S'™'. Since every two embeddings of a 

disk into S'™ are isotopic, we can make an isotopy of S'™ and assume that g = i on x Df. 

The ball D™ is contained in a tubular neighborhood of i{D^ x Df) in S'™ relative to 
i{D^ X dDf). The image g{D^ x IntD^) is disjoint from some tighter such tubular neighbor¬ 
hood. Hence by the Uniqueness of Tubular Neighborhood Theorem we can make an isotopy of 
S™ and assume that g{D^ x IntD^) fl D™ = 0. Then g is standardized. □ 

Proof of (b) for X = D^. Take an isotopy g between standardized embeddings —)■ S'™. 
By the 1-parametric version of ‘every two embeddings of a disk into S'™ are isotopic’ we can 
make a self-isotopy of ids'™, i.e. a level-preserving autodiffeomorphism of S'™ x I identical on 
S™ X {0,1}, and assume that g = ix id I on x Df x /. 

The ball D™ x J is contained in a tubular neighborhood V of i{D^ x Df) x J in S'™ x I 
relative to i{Df_ x dDf) x J. We may assume that V fl S'™ x k is ‘almost D™’ for each fc = 0,1. 

The image g{D^ x Int Df x I) is disjoint from some tighter such tubular neighborhood, 
whose intersection with S'™ x /c is U fl S'™ x k for each fc = 0,1. Hence by the Uniqueness of 
Tubular Neighborhood Theorem we can make an isotopy of S'™ x I relative to S'™ x {0,1} and 
assume that g{D^ x IntD^ x /) fl DU x I = (/). Then g is standardized. □ 

Extend i to x by the same formula as in the dehnition of i. For 7 < a/2 

denote A..^ := i{yD'P~^^ x {— 1^}) C Int DU- 

conjecture that = —r+. 
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Figure 2: To the proof of the Standardization Lemma 2.1 a for X = 


Proof of (a) for X = S^. Take an embedding g : T^’'^ —)■ S'™'. Since m > 2p + q, every two 
embeddings x D'^ —)• S'™ are isotopic (this is a trivial case of Theorem 1.10). So we can make 
an isotopy and assume that = i on S'^ x Df. 

Since m > 2p + g + 1, by general position we may assume that img fl Ai = c^Ai. Then 
there is 7 slightly greater than 1 such that img fl A.^ = dAi. Take the ‘standard’ g-framing 
on A..J, tangent to x S'^) whose restriction to dAi is the ‘standard’ normal g-framing 

of dAi in img. Then the ‘standard’ {m — p — q — l)-framing normal to x S''^) is an 

[m — p — q — l)-framing on 9Ai normal to img. Using these framings we construct 

• an orientation-preserving embedding H : H™ —)■ D'ff onto a tight neighborhood of Ai in 
H™, and 

• an isotopy ht of idT^’'^ shrinking x Df to a tight neighborhood of x {— 1 ^} in x Df 
such that 


H{A^) = A^, Hi{SP X D’L) = H{Df!) Himg and Hi = ihi on x Di. 

Embedding H is isotopic to idU™ by |Hi76l Theorem 3.2]. This isotopy extends to an isotopy 
Ht of id S'™ by the Isotopy Extension Theorem |Hi76l Theorem 1.3]. Then Hf^ght is an isotopy 
of g. Let us prove that embedding Hf^ghi is standardized. 

We have Hf^ghi = Hf^ihi = i on S^ x Df. Also if Hf^ghi{S^ x IntH^) ^ IntH™, then 
there is a; G S'^ x IntZl+ such that ghi{x) G H{D'P). Then ghi{x) = H i{y) = ihi{y) = ghi{y) 
for some y E x Df. This contradicts to the fact that ghi is an embedding. □ 

An embedding F : N x I ^ S'™ x / is a concordance if N x k = F’“^(S'™ x k) for each 
/c = 0,1- Embeddings are called concordant if there is a concordance between them. 

Proof of (b) for X = S^. Take an isotopy g between standardized embeddings. The 
restriction glspxD'^ is an isotopy between standard embeddings. So this restriction gives an 
embedding g' : x Df x S'^ —)■ S'™ x S'^ homotopic to i I^pxo x idS'^. Since m -|- 1 > 2{p + 1), 

by general position g'Ispxoxsi is isotopic to i |spxo x idS'^. Since m > 2p + q + 1 , the Stiefel 
manifold Vm-p,q is (p 4- l)-connected. Hence every two maps S'^ x S'^ —)■ Vm.-p,q are homotopic. 
Therefore g' is isotopic to ixidS'^. So we can make a self-isotopy of ids'™, i.e. a level¬ 
preserving autodiffeomorphism of S'™ x I identical on S'™ x {0,1}, and assume that g = i x id / 
on SPx Dfx I. 

Since m > 2p -|- g -|- 2, by general position we may assume that img fl Ai x / = dAi x I. 
Then there is a disk A C D'P x I such that 


Int A D Ai X (0,1), A n H™ X {0,1} = A^ X {0,1} and imgnA = 9AiX/. 

Take the ‘standard’ g-framing on A tangent to i{\/2D^^^ x S'^) x I whose restriction to dAi x I 
is the ‘standard’ normal g-framing of dAi x / in img. Then the ‘standard’ (m — p — g — 1)- 
framing on SAi x / normal to i{\/ 2 DP~^^ x S''^) x / is an (m — p — g — l)-framing on 9Ai x / 
normal to imp. Using these framings we construct 
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• an orientation-preserving embedding H : x / —)■ X I onto a neighborhood of Ai x / 

in X /, and 

• an isotopy ht of idT^’*^ x I shrinking S'^ x D^_ x / to a neighborhood of x {—Ig} x I 
in X Dl_ X I snch that 


X /) = A, H{i{SP X X /) = X J) n im^ 

and if o (i X id/) = (i X id/) o hi on x D'i_ x /. 

Analogously to the proof of (a) embedding H is isotopic to id(-D™ x /), such an isotopy extends 
to an isotopy Ht of id(S'"* x /), and H^^ght is an isotopy from g to a standardized isotopy 
Hi^ghi. □ 


3.2 Proof of the Group Structure Lemma 2.2 


Let us prove that the sum is well-defined, i.e. that for standardized embeddings f, g : X x S'^ ^ 
S'™' the isotopy class of hf^g depends only on [/] and [^f]. For this let us define parametric 
connected sum of isotopies. Take isotopic standardized embeddings /,/' and g,g'. By the 
Standardization Lemma 2.1 b there are standardized isotopies F, G : A x S''^ x / —)■ S'™ x I 
between / and /', g and g'. Define an isotopy 


H :X X xl ^ X I by 


^ [R{G{x,Ry,t)) yeDl' 


Then H is an isotopy between hfg and h/Y- 

(The isotopy class of H may depend on F, G not only on their isotopy classes.) 

Clearly, i : A x S^ —)■ S™ represents the zero element. 

Denote by R^ be the rotation of x whose restriction to the plane x 0 is 

the rotation through the angle -|-7rt and which leaves the orthogonal complement fixed. 

Let us prove the commutativity. Each embedding / : T^’'^ —)• M™ is isotopic to /2“* o / o 
(idS'^ X R^). Hence the embedding hfg is isotopic to R^ o hfg o (idS'^ x R^) = hgf. 

Let us prove the associativity. Define D™^ C S'™ by equations > 0 and X 2 > 0. Define 
D™_,/l™^,/1™_ analogously. Analogously to (or by) the Standardization Lemma 
element in F™(A x S''^) has a representative / such that 


2.1 


a each 


f{SPxDl^)cD^^ and /| 5 px(d.-d^^) = i • 

Let f,g,s:XxS'^^ S™ be such representatives of three elements of F™(A x S*^). Then both 
[/] + ([s'] + [s]) and ([/] + [s]) + [s] have a representative dehned by 


hf9s{x,y) 


'f{x,y) y^Dl_, 

Ri/ 2 {g{x,Ri/ 2 y)) y e Dl_ 

Ri{s{x,Riy)) y e Di_ 

Ax,y) y ^ D% 


Let us prove that [/] - 1 - [/] = 0. Clearly, / is standardized. Embedding hfj can be extended 
to an embedding A x —)■ _D™-+i as follows. (Analogous minor modification should be done 

in |Ha661 1.6] because the embedding —)■ constructed there is not orthogonal to 

the boundary.) Represent an element of />“ as (oq, a), where Oq G [—1,1] and a G y^l — 

Dehne 


j: ^ by 7 ( 00 , 0 ) 


1 Oo(l + 

0 

P) 


d 

11-|-a/1 — Oq- 

-all 

0 

\2' j 


and 
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if : X X ^ by H{x,jiy)):=j{f{x,y)). 


' 1—a, 


for ao 7 ^ 0, 


Since RRi = R 2 , the map H is well-defined. Using 7 ( 00 , ~ \l 

one can check that if is a smooth embedding (in particular, orthogonal to the boundary) 
Hence embedding hjj is isotopic to i by the following Triviality Lemma 


3.1 


□ 


Lemma 3.1 (Triviality Lemma). Let X denote either or S^. Assume that m > 2p + q + 3 
for X = and m > q + 3 for X = D^. An embedding X x —>■ S'™' is isotopic to i if and 
only if it extends to an embedding X x Zl™+^. 


Proof. For each u observe that = A“ := D'^ IJ S““^ x I. 

S“-i=S'“-ixO 

The ‘only if’ part is proved by ‘capping’ an isotopy X x x I ^ S'™ x / to i, i.e. by taking 
its union with i : X x -)■ T)™+L 


(The ‘only if’ part does not require the dimension assumption.) 

Let us prove the ‘if’ part. Represent the extension as an embedding / : X x —)■ A™"*"^ 

such that /“^(c}A™+^) = X x Analogously to the Standardization Lemma 2.1 a / is 

isotopic relative to X x to an embedding g such that 


g{X X S'^ X I) C X I and g = i on X x 


Then the abbreviation q : X x S''^ x J —)• S'™ x / of q is a concordance from given embedding 
go: X X S'l ^ to i. 

If X = S'^, then m > p + q + 3. Hence concordant embeddings go and i are isotopic by 
[HTfOl Corollary 1.4] for g = A™, Xq = X = 0. 

If X = D^, then m > q -|- 3. Hence the concordance g : (1, Op) x S^ x / —)■ S™ x / is 
isotopic to an isotopy relative to (1, Op) x S*^ x {0,1} by |Hn70l Theorem 1.5] for Q = S'™, 
Xq = X = 0. The latter isotopy has a normal p-framing that coincides with the p-framing on 
(l,0p) X S''^ X {0,1} dehned by Po|(i,Op)xS9 and i|(i,0p)x59- The vectors at (x,f) G S'™ x / are 
tangent to S'™ x (t). So the latter isotopy extends to an isotopy between go and i. □ 


Remark 3.2. (a) The dimension restriction in the Triviality Lemma 3.1 for X = S'^ could be 
relaxed to m > max{2p-|-q-|-2,p-|-q-|-3} (which is sharp by (b,c)). This is so by Remark 2.5 


and because we use analogue of the Standardization Lemma 2.1[ a not 2X b. 

(b) The analogue of the Triviality Lemma 3.1 m = q -|- 2 is false (both for X = and 

for X = S'^). This follows because there exist concordant non-isotopic embeddings —?• 

with trivial normal bundle. 

(c) The analogue of the Triviality Lemma 3.1 for X = S'^ and m = 2p -|- q -|- 1 is false. 

Indeed, let x G 7 rp(V},+g+i^g+i) be a generator. Then embedding t^(x)|t 9 .p : —)• S'™ is 

not isotopic to i but extends to an embedding Tff^^p{x)\j,q+i,p : . The former 

follows because x 7 ^ 0, so Q!(r^(x)|T 9 .p) 7 ^ «(!) |Sk02( Torus Lemma 6.1]. The latter follows 
because the stabilization map Vp^g+ig+i —)■ l},+p+ 2 g +2 induces an epimorphism on Tip, hence 

C fr' and or™ on t-’K 


3.3 Proof of the Smoothing Lemma |1.1| 

Lemma 3.3 (see proof below). For m > 2p + q + 3 there is a homomorphism 

a : E^{TP’^) U™(R^’+'') such that a o-jf = idU™(RP+''). 
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The Smoothing Lemma \n\ follows because Lemma [3^ and o = 0 imply that q# Q) cr 

is an isomorphism. 


Lemma 3.3 is known |CRS121 Proposition 5.6] except for the non-trivial assertion that a is 
a homomorphism. 

Proof of Lemma 3.3: definition of a and proof that a o = id . The map a is 


‘embedded surgery of x cf. equivalent definition below. We give an alternative detailed 
construction following |CRS12| Proposition 5.6]. Take / G By the Standardization 

Lemma 2.1 a there is a standardized representative f' : —)■ S'™ of /. Identify 


SP+'? and xDl (J 0 ^+^ x dDl 


SPxdDl 


by a diffeomorphism. Dehne an embedding 

i' : X dDf ^ Df! by i'{x, {0,y)) := (—\/l — \x\'^,y,0i,x)/y/2. 

Then i' is an extension of the abbreviation S^ x dDf — SH™ of im,p,q- Inhnite derivative for 
|a;| = 1 means that i' meets the boundary regularly. Hence i' and f'\spxD‘^ form together a 
(C^-smooth) embedding g : S^+'^ —)■ S™. Let a{f) := [g]. 


The map a is well-defined for m > 2p -|- g -|- 3 by the Standardization Lemma 2.1b because 


the above construction of a has an analogue for isotopy, cf. §3.2 
Clearly, a o = a{dffg) = a(0) + g = d + g = g. 



Figure 3: To the proof that a is a homomorphism. This picture illustrates the proof by the case 
p = 0, g = 1 and m = 3 (which values are not within the dimension range m > 2p + q + ?>). 
The part above plane ABCD stands for H™. The part below plane A'B'C'D' stands for 
DT. The part between the planes stands for S™“^ x D^. The upper curved lines stand for 
f+{S^ X = u{S^ X The bottom curved lines stand for f-{S^ x S^~^) = u{S^ x 

The union of segments A'A,B'B,C'C and D'D stands for m(S'^ x x D^). The union of 
segments A'A and B'B stands for i{S^ x Ig-i) x D^. The quadrilateral A'ABB' stands for the 
‘surgery disk’ x x . The union of the upper curved lines and the segment AB 

stands for the (p -|- g)-disk A+. Analogously for A_. The union of A_|_, A_ and the segments 
C'C and D'D stands for the (p -|- g)-sphere that is the image of a representative of a[u]. The 
union of A+ and CD stands for S+. Analogously for S_. The quadrilateral C'CDD' stands 
for the tube x DC^) x HL 

Proof of Lemma \3.3^ beginning of the proof that a is a homomorphism. For each n identify 
S" and Df x D^ HL, where A is a copy of A. 

aD"=5"-ixi 5"-ix{-i}=aDi^ 
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Then x 0 C S'"'. Let i = Under the identihcations dD'^ = S'^~^ x 

{±1}, n G {m,g}, the embedding \m,p,q goes to ilspxs^-i- Hence analogously to (or by) the 
Standardization Lemma 2.1 a each element in has a representative / such that 

. X ) C :dJ;_ ^ 

• / = im,p,g on S’^ X Dl, (the image of this embedding lyes in H™); 


/ = i 


iSPxsi-^ X idU^ on x S'^“^ x (the image of this embedding lies in S”*“^ x D^). 
Take embeddings f± : —)■ S'™' satisfying the above properties. Then [/+] + [/_] has a 

representative u : —)■ S™ such that 


M = /+ on S'^ X 


+ ) 


u = (id SPxR)of_o (id SP X R) on x D'L; 


— i-ispxsi 


-1 X idL)i on S^ x x 


For completion of the proof that a is a homomorphism we need an equivalent definition of 
a(/) (i.e. of the embedded surgery of x 1^). 

First we assume that p = 0, i.e. define the embedded connected sum of embeddings /_i, /i : 
Sq gm ixxiages are disjoint. Take an embedding I : x D^L —)■ S'™ such that 


I = fk on k X D'L 
Dehne h : S‘^ ^ S™ by 


and 

liD^ X Df 

)n/,(^‘') 

= Z(/c X Df) for k = ±1 


1 

f foix) 

xeDl 


hix) : 


1 Kx) 
Ui(a^) 

X e X 

xeDf 

dDl . 


Then a representative of [/o] + [/i] is obtained from h by smoothing of the ‘dihedral corner’ 
along h{S^ x dD'^). This smoothing is local replacement of embedded (J x 0 U 0 x J) x D'^~^ 
by embedded C x where (7 C is a smooth curve joining (0,1) to (1, 0) and such that 

U U [1, 2] X 0 U 0 X [1, 2] is smooth. This smoothing is ‘canonical’, i.e. does not depend on the 
choice of C. Cf. |Ha62[ Proof of 3.3] and, for non-embedded version, [H]. 

Let us generalize this dehnition to arbitrary p. Take an embedding I : x Dt —)■ S™ 

such that 


1 = f on SPxDl and 1{DP^^ x DI) n /(T^’'?) = 1(3^ x Dl). 


Dehne h : S'^+'^ —)■ S'™ by 


h{x) 


fix) xeSPxDl 
l{x) xe DP+^ X dDl ■ 


Then a representative of cf(/) is obtained from h by ‘canonical’ smoothing of the ‘dihedral 
corner’ along h(S'^ x dDf) analogous to the above case p = 0. 

This dehnition is equivalent to that from the beginning of proof of Lemma 3.3 because there 
are a closed ^-neighborhood U of the image of I (for some small e > 0) and a self-diheomorphism 

G,sm ^ sm G'(D7,i(T7’^),f'(DP+i X 80%)) = (U, f/n/(TP’"), u n h(SP+^)). 

The result of the above surgery does not depend on the choices involved because cr(/) is 
well-dehned. 


Completion of the proof that a is a homomorphism. (This argument appeared after a 
discussion with A. Zhubr.) Recall that a representative of cf [m] is obtained from u by ‘embedded 

^^Proof of Lemma 3.3 from the previous version of this paper, and so the ‘second completion of the proof that 
CT is a homomorphism’ there, are incorrect. The mistake is that E'^iS^^'^)) = Ho{X; E'^iSP'^‘^)) = 

^m(^p+q) pg non-zero for a (p -I- gj-manifold X. 
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surgery of i(S'^ x Iq-i) x O’. Recall that the isotopy class of an embedding g : 5'^+'? —)■ S'^ is 
defined by the image of g and an orientation on the image. 

Denote 

A± := u{SP X Dl) U i{DP+^ X x {±1} ^ x U DP+^ x ^ DP+''. 

PL 

Then the oriented image of the representative of ^[m] is obtained by ‘canonical’ smoothing of 
corners from 


(m(TP’'?) - i{SP X Dl-^) X D^) U (i X idD^) x x D^)) = 

= A_ U i d(DP+^ X Dr X U A+ = x 0 U x / U Dp+'' x 1 = 5^+^ 

PL PL 

This oriented (p + g)-sphere is a connected sum of oriented (p + q')-spheres 

S± := A± U i(DP+^ X Dr^) X {±1} = 0 X U ^ 5^’+'? 


PL 


PL 


along the tube x Dr^) x D^. The image of a representative of u[/±] is obtained from 

by ‘canonical’ smoothing of the ‘dihedral corner’. The corners of the tube i(DP'''^ x Dr^) x 
can be ‘canonically’ smoothed to obtain an embedding x —)■ S'™'. Thus '^[u] = u[/_,_] + 

^[/-]- □ 


3.4 Proof of Lemma 12.6 

Consider the following diagram. 


A' 





7rg(S'0- ^ 'Kq{Vm-q,p+l) -- ^ T^q{Vm-q,p) 

. m' 


/ ’ 






1 


Y 


'^q—l(Vm—q^p+l) 

1 

T ^ 1 1 

1 I/" 

Y 

u' 

y 

'^q—liy^m—q^p^ 



Here 


the p"z/"A" sequence is the exact sequence of the ‘forgetting the last vector’ bundle S’- —)■ 


' m—q,p+l 




• the exact rp^- and rprsequences are defined in Theorem |1. 10 
Let us prove the commutativity. 


Let us prove that = p”X' for the left upper square. By the Standardization Lemma [2T 
each element of is representable by a standardized embedding / : x —)■ 

^m+i_ xz)«+^ ~ i’ there is a normal (m — g)-framing of extending /|^p xu>«+^ 

and and a normal (p + l)-framing of extending /|^p xd‘‘+^- Then 5|/|„,xs.l = p"A'[/l 

by definitions of A' and ^ presented in §2.2| and §1.3[ respectively. 
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follows by definitions of A' (^2.2) and of A'' 


Relation A" = f\' 

(Recall definition of A". A map x X —)■ M” is called a linear monomorphism if its 
restriction to x a; is a linear monomorphism for each x E X. Represent an element x G 
7iq{Vm-q,p) by a linear monomorphism 

/ : X —)■ X such that f{x, y) = (x, 0) for each y G D^_. 


By the Covering Homotopy Property for the ‘forgetting last vector’ bundle Vm-q,p+i —t Vm-q,p 
the restriction f\upxD\ extends to a linear monomorphism s : M^xMxiA^ —)• 

For each y G we have s(M^ x 0 x ?/) = x 0, so s(0p, 1, ^ x 0. Hence we can dehne 

a map 

g : S'^~^ ^ by g{y) := npi 2s{0p,l,y), where n{z) := z/\z\. 

Let A"(a;) be the homotopy class of g.) 

The commutativity of other squares and triangles is obvious. 

Clearly, AV' = 0. So the exactness of the A'/rV' sequence follows by the Snake Lemma, cf. 
|Ha66l proof of (6.5)]. □ 


3.5 Proof of Lemma 2.8 


Proof of Lemma fSTS exeept the ‘moreover’ part. Since Ipti = idi?i, the map ti is injective and 
B[ = imfi © ker/i (the mutually inverse isomorphisms are given by a; h->• {tilix^x — tilix) and 
{y,z) H->• y + z). Therefore 

ker h\ n ker li = im a\ fl ker li C im fi n ker /i = 0. 


Hence 5j|kerZi is injective. Thus fcjkerZi = kerZi. 
We have a diagram 



Here tt is the quotient map, a'l is the abbreviation of a^, c'[ is well-dehned by the formula 
c"(x + ker/i) := c[{x) for each x E C[ (because c[b[ = 0). Since H is injective, the map bitf^ 
in the diagram is well-dehned. 

Clearly, the a"(7r6j)c"aQ-sequence is exact. The exactness of the a"(&if]"^)ciao-sequence 
follows from 

kerog = kerog = kerao = imci, kerci = imfoi = im(6if]"^) 
and ker(6if]“^) = Hker^i = fiimoi = ima) = ima![. 


Here (*) holds because fg is injective. So Ci and C[/b'.^ ker li have isomorphic subgroups (im bi = 
coker a" = imvrfoj) with isomorphic quotients (imci = kerog = imc"). □ 


Proof of Lemma 2.8, the ‘moreover’ part. Let B := 
have the following diagram: 


H coker oi and A = imci = imc). We 


0 



bi 


Cl 



■C[ 


A 


0 






















Denote by T the torsion subgroup of C[. Since C\ is finite, both A and B = are finite. 
Hence b[B C T. Since Ci is finite, rCi C T, so c[\t is surjective. Thus the sequence 0 ^ B -A 

T ^ H —)■ 0 is exact. Therefore |T| = |H| ■ \B\ = ICil. 

Taking quotients of i? © kerZi by ker/i and of Cj by if := b'^kerli we obtain an exact 
sequence showing that |Cj/if| = |y4| ■ \B\ = |T|. Since &j|kerZi is injective and ker/i is free, if 
is a free. So T fl if = 0. Since C[ is a finitely generated abelian group, we can identify C[ and 
F © T by some isomorphism for some free abelian group F (note that possibly if 7 ^ F © 0). 
Since \C[/H\ = |T|, the composition if Fj ^ F is an isomorphism. The composition of 
Fj ^ F and the inverse to this isomorphism makes if a direct summand in Fj. □ 
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